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Notes. 287 

Since - — V — 3 = -~ (a — b) (b — c) (a — c) V — 3, the factors are probably 

db 2 V^, db 4 V^ and ± |- V^3. Hence 
J 2 

(1) a ( a * _ 3^) = 55 , (2) V — ^ (3a 2 — (3) = 126 V ^3 ; 

V^£ = 2 V^3 ; 3a 2 = 75 , a = ±- 5 ; a = — 5 ; 
V=? = -§V=8; &• = *?,. a = ±^; .= "; 

V=£ = -^V=3; 3a 2 =A, a = ±-l; « = - -g- J 
y = -j(-5 + 2V^3) + i(-5-2V=B)=-^, 






=i(-W^0+i(-i+i^)=-i i 

# z= 2, 9, and 5. 

V. 

-4w Extension of Taylor's Theorem 
By J. C. Glashan, Ottawa, Canada. 

f(x + «) —/(a?) = J* da — f(x + a), (l —J da -) /(a? + «) =/ (or), 
/./(* + «) = (l-£ifaA)~7(*)- I- 

( 1 -/>^7>/(*+*)=/>( 1 -/>£)- 1 /(* + 6 ) 

(by I,) =j' , da{l-J , " + l rf(a+J)'^|"V(*). II. 

Expanding by I, but modifying each remainder by II before proceeding 
to obtain the term next following, we get 

f(x + a + b + c + e + &c.) = /' (x + b + c + e + &c.) + f'daf(x + c + e + &c.) 
+ fda C + d(a + b)f" (x + e + &c.) 

+ f "(fa f " + *d (a + J) f ° ' " + ^ (a + b'+ c) /'" (a; + &c.) + &a, III. 
which is the extension proposed. 
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Writing m C for a function of a , a u a 2 , . . . « m _ n and n -- m w. m C for the 
result of substituting, in m C, a t + a 2 + a 3 + . . . a n _ m for a , a„_ m + 1 for a 1} 
a n _ m + 2 for a 2 , &c, that is, if W C — F (a , a, , a 2 ., . . . . a m _i) , then 

M-m (<) . m 6 E=r .T («! + #2 "f" % T • • • a n-m) a n — m + ll ^n-m + 2) • • • #n-l) > 

and determining these C-functions by 

'C= K + -£ or* (-Vi .'<?) + ^^ «- 2 (»- 2 6> . 2 C) + .... + 1 o.fa.-'C), 

Ill may be put under the form 

f (x) =f(x — a ) + — / (x — a — a x ) + jj-g/' (^ — «o — «i — « 2 ) + 

+ -~/ i (^-2> r )+&c TV. 

Writing a for a , then if ^ = «2 = a s = . . . = «„ = J, this becomes the 
Series of Abel given by M. J. Bertrand in his Traitede Calcul differentiel, p. 324. 

f(x)=f(x-a)+±f(x-a-b) + a ^^f{x-(a + 2i)}+.. } . 

...... + ld±g S!lV{ g - (« + «*)} + &c. 

w! 

If b = this becomes Taylor's Theorem, or the simple expansion of I as evi- 
dently it should. 

Using a, b, c, d, e, &c, instead of a , a u a 2 , &c, we get for the first five 
coefficients of IV, 

l C=a, 

2 C=±a 2 + 2ab , 

s C=a s + 3a 2 (b + c) -f Ba (b 2 + 2bc) , 

i C=a i + 4a 8 (b + c + d)+6a 2 i{b + c) 2 +2{b + c)d}+±a{b s + 3b 2 (c + d) 

+ 3b(<? + 2cd)} , 
«C= a 5 + 5a 4 {b + c + d + 4 + 10<z 3 { {b + c + tf) 2 + 2 (J + c + d) e) 
+ 10a 2 { {b + c) 3 + 3 [b + c) 2 (d + «)•+ 3 (J + c) (d 2 +2de)} 
+ ha [b 4 + W (c + d + e) + 6b 2 { {c + d) 2 + 2 (c + d) e] 
+ 4J {c 3 + 3c 2 (d + e) + 3c (tf 2 + 2de) }] . 



